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We consider the Lee-Wick (LW) finite electrodynamics, i.e., the U(1) gauge theory where a (gauge-
invariant) dimension-6 operator containing higher-derivatives is added to the free Lagrangian of the
U(1) sector. Three bounds on the LW heavy photon mass are then estimated. It is amazing that
one of these bounds, actually the most reliable one, is of the order of the vectorial bosons masses
found in nature. The lowest order modification of the Coulomb potential due to the presence of
the higher-derivative term is obtained afterward by means of two outstanding methods: one of
them is based on the marriage of quantum mechanics with the nonrelativistic limit of quantum field
theory; the other, pioneered by Dirac, makes use of a gauge-invariant but path-dependent variables
formalism. Interestingly enough, these approaches, despite being radically different, lead to the
same result which seems to indicate that they are equivalent term by term.
PACS numbers: 14.70.-e, 12.60.Cn, 13.40.Gp
I. INTRODUCTION
In the early 1970s, Lee and Wick proposed a finite
theory of QED [1, 2]. Just about two years ago, Grin-
stein, O’Connell and Wise, building on pioneering work
of these authors, introduced non-Abelian LW gauge the-
ories [3]. Their model, usually referred as the LW Stan-
dard Model (LWSM), is naturally free of quadratic diver-
gences, thus providing an alternative way to the solution
of the hierarchy problem. Nevertheless, unlike the orig-
inal LW model, the LWSM is not a finite theory; yet
it is still renormalizable. We call attention to the fact
that higher-dimensional operators — containing new in-
teractions — naturally appears in higher-derivative the-
ories with non-Abelian gauge structure and give origin
at most to logarithmic divergences as far as the radia-
tive corrections are concerned. On the other hand, triv-
ial power-counting arguments immediately show that the
new higher-dimensional operators do not break renormal-
izability at all since the improved ultraviolet behavior of
the bosonic propagator P (k) in the deep Euclidean re-
gion scales as P (k) ∼ 1
k4
, instead of the usual P (k) ∼ 1
k2
when k2 → ∞. It is worth noticing that every field in
the Standard Model has a LW partner with an associ-
ated LW mass. These masses are the only new param-
eters in the minimal LWSM. However, as pointed out
by A´lvarez, Schat, Da Rold and Szynnkman, the LWSM
does not provide any information on the origin of the
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LW masses which, in order to solve the hierarchy prob-
lem, should not be heavier than a few TeV. In fact, an
analysis of the electroweak precision observables in the
LWSM shows that in order to reproduce the electroweak
data (assuming that all the LW masses are of the same
order) the LW scale should be of order 5TeV [4].
Although only two years have elapsed since the emer-
gence of the LWSM, there exists already a large body
of literature related to this subject [5–13], which clearly
shows the considerable interest this model has aroused.
Phenomenological studies on the LWSM can also be
found in abundance [4, 14–18].
Since the LWSM is an extension of the LW model, a
better understanding of some basic features of the latter
— such as order of magnitude of the LW heavy pho-
ton mass, deviation of the behavior of static electromag-
netic fields and a possible pacific coexistence between the
heavy photon and magnetic charge — would certainly
help us to improve our knowledge of the former. In a
sense, this type of research is, mutatis mutandis, simi-
lar to that conducted in lower-dimensional theories with
the purpose of gaining insight into difficult conceptional
issues, which are present and even more opaque in the
physical (3+1)-dimensional world.
Our goal in this article is precisely to examine the
aforementioned aspects of the LW finite QED. To start
off, we shall undertake a brief review of the alluded model
in Section 2. Three bounds on the LW heavy photon
mass are then estimated in Section 3. The first limit
is found using the data from an old but very accurate
experiment carried out by Plimpton and Lawton to test
the Coulomb’s law of force between charges [19]. The
second bound is estimated by taking into account that
the point particle limit of the self-force acting on an ex-
tended nonrelativistic charged particle, in the framework
of the LW finite QED at short distances, is finite and
2well defined [20, 21]. Finally, the third limit is obtained
by computing the anomalous electron magnetic moment
within the context of the LW model. In Section 4 we
calculate the nonrelativistic potential for the interaction
of two fermions in the framework of the LW finite QED
via two powerful but quite different methods. The first
approach is based on the merging of quantum mechan-
ics with the nonrelativistic limit of quantum field theory,
while the second one adopts a gauge-invariant but path-
dependent variables formalism [22–25]. Since both calcu-
lations lead to the same result, we may conjecture that
these radically different methods are equivalent term by
term. To conclude, we analyze in Section 5 the possibil-
ity of occurrence of monopoles in the context of the LW
model.
In our conventions ~ = c = 1 and the signature of the
metric is (+1, −1, −1, −1).
II. AN OVERVIEW OF THE LW FINITE
ELECTRODYNAMICS
The Abelian LW model is defined by the following
gauge-invariant Lagrangian
L = −1
4
FµνF
µν − 1
4m2
FµνF
µν , (1)
where Fµν(= ∂µAν − ∂νAµ) is the field strength.
Let us then show that the above Lagrangian describes
two independent (on-shell) spin-1 fields: massless one and
massive one, with positive and negative norm, respec-
tively. To do that it is appropriate to provide another
formulation where an auxiliary field is introduced and
the higher-derivative term is absent. The field theory
with real vectorial fields Aµ and Zµ with Lagrangian
L = 1
2
AµZ
µ +
1
2
∂µA
µ∂νZ
ν − m
2
8
AµA
µ
+
m2
4
AµZ
µ − m
2
8
ZµZ
µ, (2)
is equivalent to the field theory with the Lagrangian in
Eq. (1). In fact, varying Zµ gives
Zµ = Aµ +
2
m2
Aµ − 2
m2
∂µ∂νA
ν , (3)
and the coupled second-order equations from (2) are fully
equivalent to the fourth-order equations from (1). The
system (2) now separates cleanly into the Lagrangians
for two fields, when we make the change of variables
Aµ = Bµ + Cµ, (4)
Zµ = Bµ − Cµ. (5)
In terms of Bµ, Cµ, Bµν ≡ ∂µBν − ∂νBµ and Cµν ≡
∂µCν − ∂νCµ, the Lagrangian now becomes
L = −1
4
BµνB
µν +
1
4
CµνC
µν − m
2
2
CµC
µ, (6)
which is nothing but the difference of the Maxwell La-
grangian for Bµ and the Proca Lagrangian for Cµ.
The particle content of the theory can also be ob-
tained directly from Eq. (1). To accomplish this goal
we compute the residues at the simple poles of the sat-
urated propagator (contraction of the propagator with
conserved currents). Adding to (1) the gauge-fixing term
Lλ = − 12λ (∂µAµ)2, where as usual λ plays the role of
the gauge-fixing parameter, and noting that due to the
structure of the theory and the choice of a linear gauge-
fixing functional, no Faddeev-Popov ghosts are required
in this case, we promptly get the propagator in momen-
tum space, namely,
Dµν(k) =
m2
k2(k2 −m2)
{
ηµν − kµkν
k2
[
1
+ λ
(
k2
m2
− 1
)]}
. (7)
Contracting (7) with conserved currents Jµ(k), yields
M≡ JµDµνJν , = −J
2
k2
+
J2
k2 −m2 ,
which allows us to conclude, taking into account that
J2 < 0 [26, 27], that the signs of the residues of M at
the poles k2 = 0 and k2 = m2 are, respectively,
ResM(k2 = 0) > 0, ResM(k2 = m2) < 0,
which confirms our previous result.
It is worth noticing that the wrong sign of the residue
of the heavy photon indicates an instability of the theory
at the classical level. From the quantum point of view
it means that the theory is nonunitary. Luckily, these
difficulties can be circumvented. Indeed, the classical in-
stability can be removed by imposing a future boundary
condition in order to prevent exponential growth of cer-
tain modes. However, this procedure leads to causality
violation in the theory [28]; fortunately, this acausality is
suppressed below the scales associated with the LW par-
ticles. On the other hand, Lee and Wick argued that de-
spite the presence of the aforementioned degrees of free-
dom associated with a non-positive definite norm on the
Hilbert space, the theory could nonetheless be unitary as
long as the new LW particles obtain decay widths. There
is no general proof of unitary at arbitrary loop order for
the LW electrodynamics; nevertheless, there is no known
3example of unitarity violation. Accordingly, the LW elec-
trodynamics is finite. Therefore, we need not be afraid
of the massive spin-1 ghost.
In summary, we may say that the LW work consists es-
sentially in the introduction of Pauli-Villars, wrong-sign
propagator, fields as physical degrees of freedom which
leads to amplitudes that are better behaved in the ul-
traviolet and render the logarithmically divergent QED
finite.
We remark that for the sake of convenience we shall
work in the representation of the gauge field Aµ as given
in Eq. (1), with the propagator as in Eq. (7).
III. BOUNDING THE LW HEAVY PHOTON
MASS
We shall now estimate three bounds on the LW heavy
photon mass. The first two limits will be found treat-
ing the LW model as a classical electromagnetic system,
while the third one will be obtained considering the LW
system as a quantum field model. One of the classical
bounds is based on the measurements obtained on a lab
experiment carried out by Plimpton and Lawton with the
aim of testing the Coulomb inverse square law, the other
relies upon the fact that under certain circumstances the
LW electrodynamics at short distances solves the famous
4
3 problem of the Maxwell’s electromagnetism. The quan-
tum bound, in turn, involves the computation of the
anomalous electron magnetic moment in the framework
of the LW finite electrodynamics.
A. The Plimpton-Lawton experiment
In the presence of a source, Lsource = −AµJµ, the field
equations concerning the LW model are
(1 + l2)∂µF
µν = jν , (8)
∂µF˜
µν = 0, (9)
where F˜µν = 12ε
µναβFαβ (ε
0123 = +1), and l ≡ m−1. In
the limit of static charge Eq. (8) reduces to
(1− l2∇2)∇2φ = −ρ, (10)
with E = −∇φ. The parameter l (which works as a cut-
off) introduces a natural length scale for electrostatics.
Now, in the Plimpton-Lawton experiment [19], it was
detected a voltage difference ∆V between a conducting
sphere of a radius R2 raised to a high potential V and
a second concentric uncharged sphere of radius R1 con-
tained in the first one. From Eq. (10) one has
φ(r) =
V R2
[
2r + l
(
e−
R2+r
l − e−R2−rl
)]
[
2R2 + l
(
e−
2R2
l − 1
)]
r
between the spheres, and hence
∆V
V
≡ φ(R2)− φ(R1)
φ(R2)
,
= 1−
R2
[
2R1 + l
(
e−
R2+R1
l − e−R2−R1l
)]
R1
[
2R2 + l
(
e−
2R2
l − 1
)] .
Now, taking into account that both R1
l
and R2
l
are
≫ 1, we promptly obtain
∆V
V
≈ − l
2R2
. (11)
On the other hand, in the original experiment con-
ducted by Plimpton and Lawton, a harmonically al-
ternating potential of 3000V was applied to the outer
sphere. Tests were then made to detect the change in
potential of the inner sphere relative the outer one. The
results showed that no change in the thermal driven mo-
tion of the galvanometer could be detected during the
course of the experiment, at a detector sensitivity 1µV .
The radii of the two spheres were 0.76m and 0.61m, re-
spectively. Substitution of the experiment parameters
into Eq. (11) yields a limit on the cutoff l < 5.1×10−10m.
Many improvements to the experiment of Plimpton
and Lawton were reported in the ’60s-’80s [29, 30]. In
all of them, however, the distance between measurement
points were, roughly speaking, greater than that uti-
lized in the early experiment. Now, since the cutoff l
introduces a natural length scale for electrostatics, as we
have already commented, obviously for a given precision
of field measurement, the longer the distance between
measurement points, the worst the cutoff limit obtained.
Therefore, we come to the conclusion that among the
experiments under discussion, the original experiment of
Plimpton and Lawton is just the very one that provides
the best upper bound on l and, as a consequence, the
best lower bound on the LW heavy photon mass, i.e.,
m ≈ 0.38eV .
B. 4
3
problem in classical electrodynamics
The Newton equation of motion of an extended charge
in the framework of the Abraham-Lorentz model takes
the form
4
3
mev˙ − 2
3
e2v¨ = Fext, (12)
where v and me are, respectively, the velocity and the
electromagnetic mass of the particle and Fext is the ex-
ternal force applied to the electron. Here it is assumed
that in the instantaneous rest frame of the particle, the
charge distribution is rigid and spherically symmetric.
4Besides, it is also supposed the absence of mechanical
mass.
Of course, the electromagnetic mass enters with an in-
correct coefficient in Eq.(12). For this reason the factor
4
3 has been the source of considerable trouble. A possi-
ble way out of this difficult, among others, is to evaluate
the self-force acting on a point charged particle in the
framework of the LW finite electrodynamics at short dis-
tances. In this case the electromagnetic mass occurs in
the equation of motion in a form consistent with especial
relativity and, in addition, the exact equation of motion
does not exhibit runaway solution or non-casual behav-
ior, when the cutoff l is larger than half of the classical
radius of the electron [20, 21].
Taking the previous considerations into account, we
promptly obtain l < 1.4× 10−15m. Accordingly, a lower
bound on the LW heavy photon mass is m ≈ 140MeV .
C. The anomalous electron magnetic moment
The preceding results suggest that a better bound on
l could be obtained in the quantum realm. Now, taking
into account that QED predicts the anomalous magnetic
moment of the electron correctly to ten decimal places,
a quantum bound on l can be found by computing the
anomalous magnetic moment of the electron in the con-
text of the LW electrodynamics and comparing afterward
the result obtained with that of QED. To accomplish this
goal, we recall that the anomalous magnetic moment of
the electron stems from the vertex correction for the scat-
tering of the electron by an external field, as it is shown
in Fig. 1.
q = p′ − p
p− k
p′ − k
p′
p
k
FIG. 1: Vertex correction for electron scattering by an exter-
nal field.
For an electron scattered by an external static mag-
netic field and in limit q→ 0, the gyromagnetic ratio is
given by[31]
g = 2[1 + 2F2(0)].
The form factor of the electron, F2(0), corresponds to
a shift in the g−factor, usually quoted in the form
F2(0) ≡ g−22 , and yields the anomalous magnetic mo-
ment of the electron. By employing (7) in the calculation
of the diagram in Fig. (1), it can be shown that
F2(0) =
α
pi
∫ ∞
0
dα1dα2dα3δ(1− Σαi)
×
[
α1
α2 + α3
− α
2
1(α2 + α3)
(α2 + α3)2 +
α1
ε
]
,
where ε ≡ l2M2, M being the electron mass. We call at-
tention to the fact that the term − kµkν
k4(l2k2−1) [1+λ(l
2k2−
1)] that appears in Eq. (7) makes no contribution to the
the form factor F2(0) because the propagator always oc-
curs coupled to conserved currents.
Integrating the above expression first with respect to
α3 and subsequently with respect to α2, gives
F2(0) =
α
pi
∫ 1
0
dα1
∫ 1−α1
0
dα2
[
α1
1− α1
− α1(1− α1)
(1 − α1)2 + α1ε
]
=
α
pi
∫ 1
0
dα1
α21
α1 + ε(1− α1)2 .
Now,
∫
dx
x2
εx2 + x(1− 2ε) + ε =
x
ε
−
1− 2ε
2ε
ln
∣∣εx2 + x(1− 2ε) + ε∣∣
+
1 + 2ε2 − 4ε
2ε2
√
1− 4ε ln
∣∣∣∣A−BA+B
∣∣∣∣ ,
where A ≡ 2εx+ 1− 2ε, and B ≡ √1− 4ε; hence
F2(0) =
α
pi
[
1
ε
+
1− 2ε
2ε2
ln ε+
1 + 2ε2 − 4ε
2ε2
√
1− 4ε
× ln 1 +
√
1− 4ε
1−√1− 4ε
]
. (13)
Recalling that ε≪ 1, which implies that
1 + 2ε2 − 4ε
2ε2
√
1− 4ε ≈
1− 2ε+ 5ε4
2ε2
,
ln
1 +
√
1− 4ε
1−√1− 4ε ≈ −
[
2ε+ 3ε2 +
20ε3
3
+
35ε4
2
+ ln ε
]
, (14)
we arrive at the conclusion that
5F2(0) ≈ α
2pi
[
1− 2
3
(lm)2 − 2
(
25
12
+ ln(lm)
)
×(lm)4 +O ((lm)6) ]. (15)
The first term of the above equation is equal to that
calculated by Schwinger in 1948 [32]. Since then F2(0)
has been calculated to order α8 for QED. The second
term of Eq. (15) is the most important correction related
to the parameter l of the LW electrodynamics. Recent
calculations concerning F2(0) in the framework of QED
give for the electron [33]
F2(0) = 1 159 652 182.79(7.71)× 10−12,
where the uncertainty comes mostly from that of the best
non-QED value of the fine structure constant α. The
current experimental value for the anomalous magnetic
moment is, in turn [34],
F2(0) = 1 159 652 181.1(0.7)× 10−12.
Comparison of the theoretical value predicted by QED
with the experimental one shows that these results agree
in 1 part in 1010. As a consequence,
2
3
(lm)2 < 10−10,
implying l < 4.7 × 10−18m. Consequently, a lower limit
on the heavy photon Lee and Wick hypothesized the ex-
istence is m ≈ 42 GeV.
D. Discussion
The first classical bound on the LW heavy photon mass
we have found is not a good limit since the distance be-
tween the measurement points is too large. It would thus
be interesting and instructive to estimate what value the
radius of the outer sphere of a Plimpton-Lawton-like ex-
periment should have in order to provide a bound on
the LW heavy photon mass of the order, say of the vec-
torial bosons masses (≈ 100GeV ). A simple order-of-
magnitude calculation shows that R2 ≈ 5.9× 10−9m, as
long as we do not change neither the detector sensitiv-
ity nor the potential of the external sphere related to
the original experiment. Such an experiment, obviously,
does not make sense. Accordingly, we shall not consider
the first classical limit in our discussions. We shall also
discard the second classical bound since it relies heavily
on the electron classical radius, a parameter that cannot
be obtained experimentally. The remaining bound, i.e.,
the quantum one, is extremely reliable since it was estab-
lished using one of the great triumphs of QED, namely
the astonishing agreement between theory and experi-
ment to ten decimal places for the anomalous electron
magnetic moment. Besides, this limit is based on truly
(loop) quantum effects. Therefore, from now on we shall
assume in our considerations that the mass of the LW
heavy photon mass is equal to that estimated via the
quantum bound (≈ 42GeV ). We remark that this value
is within the allowed range of 7−90 GeV form estimated
by Lee and Wick [2] by requiring consistence with known
data; it is also of the same order as the value form consid-
ered by Resnick and Sundaresan (22.1GeV ) in their cal-
culation on the possible effects of the LW heavy photon in
e−e+ elastic scattering [35]. It is amazing that the bound
on the mass of the LW heavy photon we have derived is
of the order of the masses of the vectorial bosons found
in nature. (mW ≈ 80GeV, mZ ≈ 91GeV [34]). It is also
worth noticing that the masses of the LW heavy particles
are in the GeV scale, while those related to the LWSM are
in the TeV scale; being, as a result, three orders of mag-
nitude lower than those concerning the LWSM, which is
fairly reasonable.
According to the quantum bound estimated on the LW
heavy particle, the latter could, in principle, have been
detected at the LEP. However, we have to admit that the
scenario analyzed which yields this estimate at the GeV
scale is such that the higher-derivative term is added up
to the photon, already separated from the Z0 gauge boson
after spontaneous symmetry breaking has occurred. Nev-
ertheless, the common origin of electromagnetic and weak
interactions, as realized in the SU(2)×U(1) Electroweak
Theory, tells us that the dimension-six term, once in-
troduced into the Lagrangian prior to the spontaneous
SU(2) × U(1)-symmetry breakdown, must be governed
by a mass−2-dimensional parameter which should better
be connected to a parameter originated from a physics
beyond the SM. It may be the outcome of a large extra
dimension and this would more naturally accommodate
the result of a heavy photon at the Tev scale, appropriate
to account for BSM (Beyond Standard-Model) Physics.
In this context, it would be advisable to reassess the Z0’
physics in the framework of the LW Electroweak Theory.
IV. COULOMB’S LAW MODIFICATION IN
THE FRAMEWORK OF THE LW FINITE
ELECTRODYNAMICS
We shall now study the lowest-order modification of
the Coulomb potential due to the higher-order terms
coming from the LW finite QED, through two complete
different methods. The first approach is based on the
marriage of quantum mechanics with the nonrelativis-
tic limit of quantum field theory, whereas the second
one makes use of a gauge-invariant but path-dependent
variables formalism. A remarkable feature of the latter
method is that it provides a physically-based alternative
to the usual Wilson loop approach.
6p
p′
q
q′
e−
e− e+
e+
k = p− p′
Past
Future
FIG. 2: Lowest order contribution to elastic e−e+ scattering
in the context of the LW electrodynamics.
A. Merging quantum mechanics with the
nonrelativistic limit of quantum field theory
Consider the scattering of two fermions with identical
masses in the framework of the LW QED; specifically,
an electron (e−) and a positron (e+), as it is depicted in
Fig. 2. Now, according to the Born approximation in
the Schro¨dinger theory the differential cross section for
the scattering of two particles with the same mass, M ,
is
(
dσ
dΩ
)
C.M.
=
∣∣M
4pi
∫
e−Q·rU(r)d3r
∣∣2. (The potential en-
ergy U(r) causes the momentum transfer Q = p′ − p,
where p and p′ are the initial and final momenta of one
of the particles.) On the other hand, in the nonrela-
tivistic limit the differential cross section for the inter-
action of the abovementioned fermions can be expressed
as
(
dσ
dΩ
)
C.M.
=
∣∣MN.R.
16piM
∣∣2, wherein MN.R. is the nonrela-
tivistic limit of the Feynman amplitude for the process
at hand. As a result, in terms of the the momentum ex-
changed k = −Q the nonrelativistic potential assumes
the form
U(r) =
1
4M2
1
(2pi)3
∫
d3kMN.R.e−ik·r. (16)
This formula enables us to construct an effective three-
dimensional potential (to be used in connection with the
Shro¨dinger equation as well as in the classical mechanics)
once we know the nonrelativistic limit of the covariant
matrix element.
On the other hand, from the Lagrangian for the inter-
action of the mentioned particles, i.e, Lint = eψ¯γµψAµ,
we promptly obtain the Feynman rule for the elementary
vertex (See Fig. 3). We remark that in our convention
the electron charge is equal to −e. Accordingly, the in-
variant amplitude for the process shown in Fig. 2 is
M = − e
2m2
k2(k2 −m2) u¯(p
′)γµu(p)v¯(q)γµv(q
′). (17)
The leading term in the nonrelativistic approximation
can be obtained by using the zero-momentum solutions
for the spinors, namely,
u¯r(p
′)γµus(p)
N.R.−→ u¯r(0)γµus(0), (18)
v¯r(p
′)γµvs(p)
N.R.−→ v¯r(0)γµvs(0), (19)
with the normalization u†r(p)us(p) = v
†
r(p)vs(p) =
2Epδrs [36]. Consequently,
u¯r(0)γ
0us(0) = v¯r(0)γ
0vs(0) = 2Mδrs, (20)
u¯r(0)γ
ius(0) = v¯r(0)γ
ivs(0) = 0. (21)
As a result,
MN.R. = − 4e
2m2M2
k2(k2 +m2)
. (22)
Inserting (22) into (16) and performing the resulting
integral, we come to the conclusion that the effective po-
tential we are searching for is
U(r) = − e
2
4pir
(
1− e−mr) . (23)
p
p′
µ
Γ
µ
= eγµ
FIG. 3: Relevant vertex for the LW finite QED.
B. Computing the effective potential via a
gauge-invariant but path-dependent variables
formalism
We shall now calculate the nonrelativistic potential us-
ing this time a gauge-invariant but path-dependent vari-
ables formalism along the lines of Refs. [22–25], which,
as we have already commented, is a physically-based al-
ternative to the usual Wilson loop approach. To this
end, we will compute the expectation value of the en-
ergy operator H in the physical state |Φ〉 describing the
sources, which we will denote by 〈H〉Φ. In order to ob-
tain the Hamiltonian corresponding to the LW model,
we must perform beforehand the quantization of the the-
ory. In this vein, we start off by computing the canoni-
cal momenta Πµ = − 1
m2
(
m2 +
)
F 0µ. This yields the
usual primary constraint Π0 = 0, while the momenta are
7Πi = 1
m2
(
m2 +
)
Ei. Therefore, the canonical Hamil-
tonian takes the form
HC =
∫
d3x
{
Πi∂iA0 − 1
2
Πi
m2
(+m2)
Πi
}
+
∫
d3x
1
4
Fij
(
m2 +
m2
)
F ij . (24)
Temporal conservation of the primary constraint, Π0,
leads to the secondary constraint, Γ1 (x) ≡ ∂iΠi = 0.
It is straightforward to check that there are no fur-
ther constraints in the theory. Consequently, the ex-
tended Hamiltonian that generates translations in time
then readsH = HC+
∫
d3x (c0 (x)Π0 (x) + c1 (x) Γ1 (x)).
Here c0 (x) and c1 (x) are arbitrary Lagrange multipli-
ers. Moreover, it follows from this Hamiltonian that
A˙0 (x) = [A0 (x) , H ] = c0 (x), which is an arbitrary func-
tion. Since Π0 = 0 always, neither A0 nor Π0 are of inter-
est in describing the system and may be discarded from
the theory. As a result, the Hamiltonian becomes
H =
∫
d3x
{
c(x)∂iΠ
i − 1
2
Πi
m2
(+m2)
Πi
}
+
∫
d3x
1
4
Fij
(
m2 +
m2
)
F ij , (25)
where c(x) = c1(x)−A0(x).
The quantization of the theory requires the removal of
non-physical variables, which is accomplished by impos-
ing a gauge condition such that the full set of constraints
becomes second class. A particularly convenient choice
is
Γ2 (x) ≡
∫
Cξx
dzνAν (z) ≡
1∫
0
dλxiAi (λx) = 0, (26)
where λ (0 ≤ λ ≤ 1) is the parameter describing the
spacelike straight path xi = ξi + λ (x− ξ)i, and ξ is a
fixed point (reference point). There is no essential loss
of generality if we restrict our considerations to ξi = 0.
The choice (26) leads to the Poincare´ gauge [22, 37]. As
a consequence, the only nontrivial Dirac bracket for the
canonical variables is given by{
Ai (x) ,Π
j (y)
}∗
= δji δ
(3) (x− y)
− ∂xi
1∫
0
dλxjδ(3) (λx− y) . (27)
We are now equipped to compute the interaction en-
ergy for the model under consideration. As mentioned
before, to do that we need to know the expectation value
of the energy operator H in the physical state |Φ〉. Fol-
lowing Dirac [38], we write the physical state |Φ〉 as
|Φ〉 ≡
∣∣Ψ(y) Ψ (y′)〉
= ψ (y) exp

iq
y∫
y′
dziAi (z)

ψ (y′) |0〉 , (28)
where the line integral is along a spacelike path on
a fixed time slice, q is the fermionic charge, and |0〉
is the physical vacuum state. Note that the charged
matter field together with the electromagnetic cloud
(dressing) which surrounds it, is given by Ψ (y) =
exp
(
−iq ∫
Cξy
dzµAµ(z)
)
ψ(y). Thanks to our path
choice, this physical fermion then becomes Ψ (y) =
exp
(−iq ∫ y
0
dziAi(z)
)
ψ(y). In other words, each of the
states (|Φ〉) represents a fermion-antifermion pair sur-
rounded by a cloud of gauge fields to maintain gauge
invariance. Taking the above Hamiltonian structure into
account, we see that
Πi (x)
∣∣Ψ(y)Ψ (y′)〉 = Ψ(y)Ψ (y′)Πi (x) |0〉
+ q
∫ y′
y
dziδ
(3) (z− x) |Φ〉 .
(29)
Now, since the fermions are assumed to be infinitely mas-
sive (static) we can substitute  by −∇2 in Eq. (25).
Therefore, 〈H〉Φ can be written as
〈H〉Φ = 〈H〉0 + 〈H〉(1)Φ + 〈H〉(2)Φ , (30)
where 〈H〉0 = 〈0|H |0〉. The 〈H〉(1)Φ − and 〈H〉(2)Φ −
terms are given, respectively, by
〈H〉(1)Φ = −
1
2
〈Φ|
∫
d3xΠiΠ
i |Φ〉 , (31)
and
〈H〉(2)Φ =
1
2
〈Φ|
∫
d3xΠi
∇2
(∇2 −m2)Π
i |Φ〉 . (32)
Using Eq. (29), the 〈H〉(1)Φ - and 〈H〉(2)Φ - terms can be
rewritten as
〈H〉(1)Φ = −
q2
2
∫
d3x
∫ y′
y
dz′iδ
(3) (x− z′)
×
∫ y′
y
dziδ(3) (x− z) , (33)
and
〈H〉(2)Φ =
q2
2
∫
d3x
∫ y′
y
dz′iδ
(3) (x− z′)
× ∇
2
(∇2 −m2)
∫ y′
y
dziδ(3) (x− z) . (34)
Following an earlier procedure [23, 24], we see that the
potential for two opposite charges, located at y and y′,
takes the form
U(r) = − e
2
4pir
(
1− e−mr) , (35)
8where |y − y′| = r.
It is worth noting that there is an alternative but equiv-
alent way of obtaining the result [25], which highlights
certain distinctive features of our methodology. We start
by considering [25]:
U ≡ q (A0 (0)−A0 (y)) , (36)
where the physical scalar potential is given by
A0
(
x0,x
)
=
∫ 1
0
dλxiEi (λx) , (37)
with i = 1, 2, 3. This follows from the vector gauge-
invariant field expression [37]
Aµ (x) ≡ Aµ (x) + ∂µ
(
−
∫ x
ξ
dzµAµ (z)
)
, (38)
where, as in Eq. (26), the line integral is along a spacelike
path from the point ξ to x, on a fixed slice time. The
gauge-invariant variables (38) commute with the sole first
constraint (Gauss’ law), confirming in this way that these
fields are physical variables [38]. Note that Gauss’ law
for the present theory reads ∂iΠ
i = J0, where we have
included the external current J0 to represent the presence
of two opposite charges. For J0 (t,x) = qδ(3) (x) the
electric field is given by
Ei = q∂i (G (x)−G′ (x)) , (39)
where G (x) = 14pi
1
|x| and G
′ (x) = e
−m|x|
4pi|x| are the Green
functions in three space dimensions. Finally, replacing
this result in (37) and using (36), we reobtain (34), i.e.,
U(r) = − e
2
4pir
(
1− e−mr) . (40)
C. Discussion
It is remarkable that two quite different methods have
led to the same expression for the effective tridimensional
potential. This astonishing result seems to indicate that
to lower orders the two approaches might be equivalent
order by order. However, whether this is a correct con-
jecture, it is still an open question.
We discuss now the properties of the nonrelativistic
potential U(r) we have found.
1. Unlike the Coulomb potential which is singular at
the origin, U is finite there (U(0) = − e24pil ). The
fact that the potential is finite for r → 0, it is a
clear evidence that the self-energy and the electro-
magnetic mass of a point-like particle are finite in
the LWmodel. Indeed, in this model, as we have al-
ready discussed, not only the electromagnetic mass
and the self-force are finite, it also provides an ad-
equate scenario for solving the 43 problem.
2. When r
l
≫ 1, U reduces to the Coulomb potential.
3. Only for small distances ( r
l
≪ 1), does U differs
significantly from the Coulomb potential (See Fig.
4). A quick glance at Fig. 4 it is enough to convince
us that this distance is ≈ 10−17m, one order of
magnitude higher than the l-value.
FIG. 4: The potential U (in units of e
2
4pi
), as a function of the
distance r. The dashed line represents the Coulomb potential
(in units of e
2
4pi
).
V. FINAL REMARKS
An important question concerning the LW finite QED
is whether or not the LW heavy photon and magnetic
charge can live in peace in its context. To answer this
question we introduce a magnetic current kµ = (σ,k) in
the right-hand of Eq. (9). It is fairly straightforward to
show that the resulting system of modified higher-order
field equations, namely,
(1 + l2)∂µF
µν = Jν , (41)
∂µF˜
µν = kν , (42)
describes the existence of a magnetic charge. In fact, as-
suming the absence of electric fields, charges, and cur-
rents as well as the absence of magnetic current, we
are left essentially with two equations for the magnetic
field which have the familiar Dirac monopole solution
B = g4pir3 rˆ, where g is the magnetic charge. Using the
usual methods, the Dirac quantization condition qg4pi =
n
2 ,
where q is the electric charge, and n is an integer, can be
promptly recovered.
We have thus succeeded in finding a consistent system
of Maxwell + vectorial boson mass + magnetic charge
equations. We remark that the Dirac monopole and the
9massive vectorial boson cannot coexist in the context of
Proca’s massive electrodynamics [39] because the latter,
unlike the LW QED, is not gauge invariant. The very
existence of the Dirac monopole is undoubtedly linked to
the existence of the gauge invariance of the corresponding
theory.
Interestingly enough the system formed by Eqs. (41)
and (42) is not symmetric under the duality transfor-
mation Fµν → F˜µν , F˜µν → −Fµν , augmented by
jµ → kµ, kµ → −jµ. This fact raises an interesting
question: Would it be possible to accommodate simulta-
neously magnetic charge and duality transformations in
the framework of a higher-order electromagnetic model?
A good attempt in this direction might be, for instance,
the model defined by the field equations
(1 + l2)∂µF
µν = Jν , (43)
(1 + l2)∂µF˜
µν = kν , (44)
since it is symmetric under duality transformations. It is
worth noticing that (1 + l2)∂µF˜
µν is identically zero
in the absence of the magnetic current. Let us see
then whether this model admits a monopole-like solu-
tion. For a magnetostatic charge of strength g fixed at
the origin the solution of the preceding equations is B =
g
4pi
[
1−e−r/l
r2
− e−r/l
lr
]
rˆ, which for large distances reduces
to the Dirac result, as it should be. Our point, nonethe-
less, is to ascertain whether or not this solution describes
a magnetic monopole at short distances. To see this we
calculate the flux of the radial magnetic field through a
spherical surface S of radius r with the static monopole
of strength g at its center. Performing the computation
we promptly find
∫
S
B · dS = g [1− (1 + r
l
)
e−
r
l
]
, which
implies that for r/l ≪ 1, ∫
S
B · dS ≈ 0. Now, taking into
account that if B = ∇×A, ∫
S
B · dS vanishes identically,
we come to the conclusion that A can exist everywhere
in the region under consideration. Therefore, this is a
monopole-like solution; nonetheless, the corresponding
magnetic charge, does not obey the Dirac quantization
condition. Indeed, for r/l ≪ 1, B ≈ g4pil2 1r r, implying
that the magnetic field falls off like 1/r instead of 1/r3.
This bizarre behavior of the magnetic field certainly pre-
cludes us from recovering the Dirac quantization condi-
tion. One heuristic way of seeing that is to consider the
motion of a particle of mass m and charge q in the field
of the magnetic monopole. From the equation of motion
of the particle, mr¨ = qr˙×B, we get the ratio of change of
its angular momentum, d
dt
(r×mr˙) = qgr24pil2 ddt (rˆ), a result
that prevents us from defining a conserved total angular
momentum as in the case of the Dirac monopole. Now,
if the distances are neither too large nor much small, the
potential vector cannot exist everywhere in the domain
bounded by S because F˜µν satisfies Eq. (44) rather than
Eq. (42). Unlucky we cannot overcame this difficult by
introducing the concept of a string as Dirac did since in
this case ∇ ·B (= g4pi e
−r/l
rl2
) does not vanishes anywhere
in the aforementioned domain.
The preceding analysis leads us to conjecture that
Dirac-like monopoles and duality transformations can-
not be accommodated in the context of one and same
higher-order electromagnetic model.
To conclude, besides the reconsideration of the Z0’-
physics in the framework of the LW model, it would also
be reasonable to reassess the issue of massive graviton
production at LHC in the context of a LW version of
gravity. Possible TeV-gravity signals at LHC, associated
to the effects of large extra dimensions or a dynamical
torsion in a BSM scenario, could be reproduced in a LW
counterpart of gravity. This would allow to directly relate
the mass−2-parameter of the typical LW term to some
large extra dimension and, in this context, it could per-
haps become clearer the appearance of the GeV and the
TeV mass scales for two generations of LW-type heavy
gravitons as well. An investigation of this particular
problem is being pursued and we shall be reporting on
its results elsewhere [40].
Last but not least, we would like to draw the reader’s
attention to two recent articles by Fornal, Grinstein, and
Wise (FGW) [41], and Cai, Qiu, Brandenberger, and
Zhang [42], in which novel and important aspects of the
LW model, are explored. In the first work [41], the high
temperature behavior of the LW theories, including the
LWSM, are analyzed. By examining the behavior of the
LW resonances, FWG found that the contribution of the
latter to the energy density and pressure is negative for
high temperatures. In the second work, on the other
hand, the cosmology of a LW type scalar field field the-
ory is considered and a nonsingular bouncing solution is
obtained, implying that the LW model provides a possi-
ble way out of the cosmological singularity problem. Be-
sides, a scale invariant spectrum which can explain the
recent CMB observations, is also found. These articles
attest to the richness of the LW models. Actually, the
LW systems are the source of a wealth of exciting new
results which deserve to be much better known.
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